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Ââåäåíèå

Äè��åðåíöèàëüíûì óðàâíåíèåì ñ ÷àñòíûìè ïðîèçâîäíûìè íàçûâà-

åòñÿ óðàâíåíèå, ñîäåðæàùåå íåèçâåñòíóþ �óíêöèþ íåñêîëüêèõ ïåðåìåí-

íûõ è åå ÷àñòíûå ïðîèçâîäíûå. Íàèáîëåå ÷àñòî âñòðå÷àþòñÿ óðàâíåíèÿ

äëÿ �óíêöèé äâóõ èëè òðåõ ïåðåìåííûõ.

Â êóðñå óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè èçó÷àþòñÿ óðàâíåíèÿ â

÷àñòíûõ ïðîèçâîäíûõ, âîçíèêàþùèå â �èçè÷åñêèõ çàäà÷àõ.

Èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà èçâåñòíî, ÷òî ÷àñòíîé ïðîèçâîä-

íîé

∂f

∂x
�óíêöèè f(x, y, z) ïî x â òî÷êå (x0, y0, z0) íàçûâàåòñÿ ïðåäåë

îòíîøåíèÿ

∂f

∂x
(x0, y0, z0) ≡ lim

∆x→0

f(x0 +∆x, y0, z0)− f(x0, y0, z0)

∆x
.

Ïðèìåðû óðàâíåíèé ïåðâîãî ïîðÿäêà, ñîäåðæàùèõ ÷àñòíûå ïðîèç-

âîäíûå òîëüêî ïåðâîãî ïîðÿäêà:

∂u

∂x
+
∂u

∂y
= 0, y

∂u

∂x
− x

∂u

∂y
= 0. (1)

Ïðèìåðû óðàâíåíèé âòîðîãî ïîðÿäêà, ñîäåðæàùèõ ÷àñòíûå ïðîèç-

âîäíûå âòîðîãî è, âîçìîæíî, ïåðâîãî ïîðÿäêà:

∂2u

∂x2
− ∂2u

∂y2
+
∂u

∂x
= 0,

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0. (2)

�àññìîòðèì ïðîñòåéøåå óðàâíåíèå:

∂u

∂x
= 0, u = u(x, y). (3)

Î÷åâèäíî, ÷òî åãî ðåøåíèå èìååò âèä

u(x, y) = ϕ(y), (4)

ãäå ϕ(y) � ïðîèçâîëüíàÿ �óíêöèÿ.

Äðóãîé ïðèìåð óðàâíåíèÿ:

∂u

∂y
= f(y), ãäå f(y)− çàäàííàÿ �óíêöèÿ. (5)

Åãî îáùåå ðåøåíèå

u(x, y) =

∫

f(y)dy + ϕ(x), (6)
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�àññìîòðèì âîïðîñ î ïðèâåäåíèè óðàâíåíèÿ âèäà (16) ê íàèáîëåå ïðî-

ñòîìó âèäó. Äëÿ ýòîãî ñäåëàåì çàìåíó ïåðåìåííûõ:

x→ ξ = ϕ(x, y), y → η = ψ(x, y). (18)

Âîñïîëüçóåìñÿ ïðàâèëîì äè��åðåíöèðîâàíèÿ ñëîæíîé �óíêöèè:

ux = uξξx + uηηx, uy = uξξy + uηηy. (19)

Äàëåå

uxx = (uξξx)x + (uηηx)x =

= uξξξ
2
x + uξηξxηx + uξξxx + uηηη

2
x + uηξηxξx + uηηxx =

= uξξξ
2
x + 2uξηξxηx + uηηη

2
x + uξξxx + uηηxx. (20)

Àíàëîãè÷íî,

uxy = uξξξxξy + uξη(ξxηy + ξyηx) + uηηηxηy+

+ uξξxy + uηηxy

uyy = uξξξ
2
y + 2uξηξyηy + uηηη

2
y + uξξyy + uηηyy.

Ïîäñòàâëÿåì âû÷èñëåííûå çíà÷åíèÿ ïðîèçâîäíûõ â óðàâíåíèå (16):

ã11uξξ + 2ã12uξη + ã22uηη + F̃ (ξ, η, u, uξ, uη) = 0. (21)

Êîý��èöèåíòû ïðè ñòàðøèõ ïðîèçâîäíûõ èìåþò âèä:

ã11 = a11ξ
2
x + 2a12ξxξy + a22ξ

2
y , (22)

ã12 = a11ξxηx + a12(ξxηy + ηxξy) + a22ξyηy, (23)

ã22 = a11η
2
x + 2a12ηxηy + a22η

2
y. (24)

Î÷åâèäíî, ÷òî íàèáîëåå ïðîñòîé âèä ðàññìàòðèâàåìîå óðàâíåíèå áóäåò

èìåòü, åñëè ã11 = 0 è ã22 = 0.
Äëÿ òîãî ÷òîáû ã11 = 0, íåîáõîäèìî, ÷òîáû �óíêöèÿ ϕ(x, y) áûëà

ðåøåíèåì óðàâíåíèÿ

a11z
2
x + 2a12zxzy + a22z

2
y = 0. (25)

Äëÿ òîãî ÷òîáû ã22 = 0, íåîáõîäèìî, ÷òîáû �óíêöèÿ ψ(x, y) òàêæå áûëà

ðåøåíèåì óðàâíåíèÿ (25).

Òåîðåìà. Äëÿ òîãî ÷òîáû �óíêöèÿ z = ϕ(x, y) óäîâëåòâîðÿëà óðàâ-

íåíèþ (25), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñîîòíîøåíèå

ϕ(x, y) = C (26)
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áûëî îáùèì èíòåãðàëîì óðàâíåíèÿ

a11(dy)
2 − 2a12dxdy + a22(dx)

2 = 0. (27)

Äîêàæåì íåîáõîäèìîñòü. Ïóñòü �óíêöèÿ z = ϕ(x, y) óäîâëåòâîðÿåò óðàâ-

íåíèþ (25). Òîãäà èç (25) ïîëó÷àåì:

a11

(

ϕx
ϕy

)2

− 2a12

(

−ϕx
ϕy

)

+ a22 = 0. (28)

Èç (26) íàõîäèì

dy

dx
= −ϕx

ϕy
(29)

è ïîäñòàâëÿåì â óðàâíåíèå (28):

a11

(

dy

dx

)2

− 2a12

(

dy

dx

)

+ a22 = 0. (30)

Îòñþäà ïîëó÷àåì óðàâíåíèå (27).

Ïðîñòåéøåå äîêàçàòåëüñòâî äîñòàòî÷íîñòè ñîñòîèò â ñëåäóþùåì. Ïóñòü

ϕ(x, y) = C � îáùèé èíòåãðàë óðàâíåíèÿ (27). Ïîëó÷àåì

a11

(

dy

dx

)2

− 2a12

(

dy

dx

)

+ a22 = 0.

Ïîäñòàâëÿÿ ñþäà (29), íàõîäèì

a11

(

ϕx
ϕy

)2

− 2a12

(

−ϕx
ϕy

)

+ a22 = 0.

Îòñþäà

a11ϕ
2
x + 2a12ϕxϕy + a22ϕ

2
y = 0,

÷òî è òðåáîâàëîñü äîêàçàòü.

Òàêèì îáðàçîì, åñëè ξ = ϕ(x, y) è ϕ(x, y) = const åñòü îáùèé èíòå-

ãðàë óðàâíåíèÿ

a11(dy)
2 − 2a12dxdy + a22(dx)

2 = 0, (31)

òî êîý��èöèåíò ïðè uξξ ðàâåí íóëþ.
Åñëè ξ = ψ(x, y) è ψ(x, y) = const åñòü äðóãîé íåçàâèñèìûé èíòåãðàë

ýòîãî óðàâíåíèÿ, òî êîý��èöèåíò ïðè uηη ðàâåí íóëþ.

Óðàâíåíèå (31) íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì, à åãî èíòåãðàëû �

õàðàêòåðèñòèêàìè.
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Óðàâíåíèå (31) ðàñïàäàåòñÿ íà äâà:

dy

dx
=
a12 +

√

a212 − a11a22
a11

, (32)

dy

dx
=
a12 −

√

a212 − a11a22
a11

. (33)

Çíàê ïîäêîðåííîãî âûðàæåíèÿ îïðåäåëÿåò òèï óðàâíåíèÿ

a11uxx + 2a12uxy + a22uyy + F = 0. (34)

Åñëè a212−a11a22 > 0, òî óðàâíåíèå (34) � óðàâíåíèå ãèïåðáîëè÷åñêîãî

òèïà.

Â ýòîì ñëó÷àå ïðàâûå ÷àñòè (32) è (33) äåéñòâèòåëüíû è ðàçëè÷íû.

Ïîëó÷àåì ñîîòâåòñòâóþùèå îáùèå èíòåãðàëû ϕ(x, y) = C è ψ(x, y) = C.

Äàëåå âûïîëíÿåì çàìåíó ïåðåìåííûõ

ξ = ϕ(x, y), η = ψ(x, y) (35)

è, ðàçäåëèâ íà êîý��èöèåíò ïðè uξη ,ïîëó÷àåì óðàâíåíèå âèäà

uξη = G(ξ, η, u, uξ, uη). (36)

Ïîëó÷åííîå óðàâíåíèå (36) � êàíîíè÷åñêàÿ �îðìà óðàâíåíèé ãèïåðáîëè-

÷åñêîãî òèïà.

Äàëåå âûïîëíèì çàìåíó

ξ = α + β, η = α− β

èëè

α =
ξ + η

2
, β =

ξ − η

2
.

Òîãäà u = u(α(ξ, η), β(ξ, η)) è

uξ = uααξ + uββξ =
uα + uβ

2
,

uη = uααη + uββη =
uα − uβ

2
,

uξη = uαααξαη + uαβαξβη + uααξη+

+ uβαβξαη + uβββξβη + uββξη =
uαα − uββ

4
.
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